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Fluid Dynamics

* Fluid dynamics is the science treating the study of
fluids in motion. By the term fluid, we mean a
substance that flows i.e. which is not a solid. Fluids
may be divided into two categories

(i) liquids which are incompressible i.e. their volumes
do not change when the pressure changes

(ii)) gases which are compressible i.e. they undergo
change in volume whenever the pressure changes.

The term hydrodynamics is often applied to the
science of moving incompressible fluids. However,
there is no sharp distinctions between the three states
of matter i.e. solid, liquid and gases.



In microscopic view of fluids, matter is assumed
to be composed of molecules which are in
random relative motion under the action of
intermolecular forces.

In solids, spacing of the molecules is small,
spacing persists even under strong molecular
forces.

In liquids, the spacing between molecules is
greater even under weaker molecular forces

and in gases, the gaps are even larger.



In macroscopic viewpoint in which we would not see the gaps
between the molecules and the matter would appear to be
continuously distributed.

We shall take this macroscopic view of fluids in which physical
qguantities associated with the fluids within a given volume V
are assumed to be distributed continuously and, within a
sufficiently small volume &V, uniformly.

This observation is known as Continuum hypothesis.

It implies that at each point of a fluid, we can prescribe a
unique velocity, a unique pressure, a unique density etc.
Moreover, for a continuous or ideal fluid we can define a fluid
particle as the fluid contained within an infinitesimal volume
whose size is so small that it may be regarded as a

geometrical point.



* Stresses : Two types of forces act on a fluid element.
One of them is body force and other is surface force. The
body force is proportional to the mass of the body on
which it acts while the surface force is proportional to
the surface area and acts on the boundary of the body.

e Suppose F is the surface force acting on an elementary
surface area dS at a point P of the surface S. Let F1 and
F2 be resolved parts of F in the directions of tangent and
normal at P. The normal force per unit area is called the
normal stress and is also called pressure. The tangential
force per unit area is called the shearing stress.



* Viscosity : It is the internal friction between the
particles of the fluid which offers resistance to the
deformation of the fluid. The friction is in the form of
tangential and shearing forces (stresses). Fluids with such
property are called viscous or real fluids and those not

having this property are called inviscid or ideal or perfect
fluids.

e Actually, all fluids are real, but in many cases, when the
rates of variation of fluid velocity with distances are
small, viscous effects may be ignored.



* From the definition of body force and shearing
stress, it is clear that body force per unit area at
every point of surface of an ideal fluid acts along
the normal to the surface at that point. Thus ideal
fluid does not exert any shearing stress.

* Thus, we conclude that viscosity of a fluid is that
property by virtue of which it is able to offer
resistance to shearing stress. It is a kind of
molecular frictional resistance.



Velocity of Fluid at a Point : Suppose that at time t, a fluid particle
is at the point P having position vector

and at time t + Ot the same particle has reached at po#'ut Q%a%/mg
position vector . The particle velocity g at point P is

r+6r
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where the limit is assumed to exist uniquely. Clearly velocity is in
general dependent on both position vector and time, so we may

write r_ilr: Li'F(“FJ t} = f-ﬁx; Y. 4, I-'jl

+ A A T
r=x1+yj +zk (P has co-ordinates (x, v, z)).




* Remarks. (i) A point where g = 0, is called a
stagnation point.

e (ii) When the flow is such that the velocity at each
point is independent of time i.e. the flow pattern is
same at each instant, then the motion is termed as
steady motion, otherwise it is unsteady.



* Flux across any surface : The flux i.e. the rate of flow
across any surface S is defined by the integral

ﬂ p(g.f)ds

where p is the density, q is the velocity of the fluid and n” is
the outward unit normal at any point of S.

Also, we define
Flux = density * normal velocity * area of the surface.



Eulerian and Lagrangian Methods
(Local and Total range of change)

e We have two methods for studying the general
problem of fluid dynamics.

* Eulerian Method : In this method, we fix a point in
the space occupied by the fluid and observation is
made of whatever changes of velocity, density
pressure etc take place at that point. i.e. point is
fixed and fluid particles are allowed to pass through
it. If P(x, y, z) is the point under reference, then x, y, z
do not depend upon the time parameter t, therefore
%, ¥, Z do not exist (dot denotes derivative w.r.t.
time t).



e Letf(x,y, z, t) be a scalar function associated
with some property of the fluid (e.g. its
density) i.e. f(x, v, z, t) = (1) wherer=xi+yj+zk

is the position vector of the point P, then

O _ g [ 48D = FC) (1)
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Here, 7. is called local time rate of change.



Lagrangian Method

* |n this case, observations are made at each point and
each instant, i.e., any particle of the fluid is selected
and observation is made of its particular motion and it
is pursued throughout its course.

* Let a fluid particle be initially at the point (a, b, c). After
lapse of time t, let the same fluid particle be at (x, y, z).
It is obvious that x, y, z are functions of t.

e But since the particles which have initially different
positions occupy different positions after the motion is
allowed. Hence the co-ordinates of the final position
i.e. (x,y, z) depend on (a, b c) also. Thus

x="f(a,b,c,t),y="F(a,b,ct),z="1(a,b,c,t).



* For this case, if f(x, vy, z, t) be scalar function
associated with the fluid, then

* af _ F(r+dr,t+0t) — f(R1)
dt 60 5t

where x, ¥, Z exist.

i . . . . .
d—”; is called an individual time rate or total rate or

particle rate of change.
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* Remarks. (i) The relation
implies d _0 -

 The operatordt is called Lagrangian operator or material
derivative i.e. time rate of change in Lagrangian view.
Sometimes, it is called ‘differentiation following the fluid’.

* (ii) Similarly, for a vector functionf(xy.zt associated with

some property of the fluid (e.g. its velocity, acceleration),
we can show that



dF —VF.a+ J F
ar 95t
e Hence the relation holds for both scalar and vector

functions associated with the moving fluid.

(iii) The Eulerian method is sometimes also called the flux
method.

(iv) Both Lagrangian and Eulerian methods were used by Euler
for studying fluid dynamics.

(v) Lagrangian method resembles very much with the
dynamics of a particle

(vi) The two methods are essentially equivalent, but
depending upon the problem, one has to judge whether
Lagrangian method is more useful Sor the Eulerian.



Streamlines, Pathlines and Streaklines

e Streamlines : It is a curve drawn in the fluid such

that the direction of the tangent to it at any point
coincides with the direction of the fluid velocity
vector g at that point. At any time t, letg= (u, v, w) be
the velocity at each point P(x, y, z) of the fluid. The
direction ratios of the tangent to the curve at P(x, v,
z) are dr=(dxdydz) since the tangent and the velocity at
P have the same direction, therefore g xdr=0.

ie. (ui+ 'r:-'j+wia X (dxl+ dyj+ dzf::] =0.



(vdz —wdy)i + (wdx - udz)] + (udy - vdx)k = 0

dx dy dz
Sowe get —=—=—
u v oow

* These are the differential equations for the
streamlines. i.e. their solution gives the
streamlines.



Pathlines: When the fluid motion is steady so that the pattern
of flow does not vary with time, the paths of the fluid
particles coincide with the streamlines. But in case of
unsteady motion, the flow pattern varies with time and the
paths of the particles do not coincide with the streamlines.
However, the streamline through any point P does touch the
pathline through P. Pathlines are the curves described by the
fluid particles during their motion i.e. these are the paths of
the particles. The differential equations for pathlines are

dr ., dx dy dz_
it T e tae (1)



 where now (x, y, z) are the Cartesian co-ordinates of
the fluid particle and not a fixed point of space. The
equation of the pathline which passes through the
point (Xo, Yo, o), which is fixed in space, at timet=0
say, is the solution of (1) which satisfy the initial
condition that x = xo, y = VYo, Z= 2o when t = 0. The
solution gives a set of equations of the form

X = X(Xo, Yo, zo, t)
Y = y(Xo, Yo, Zo, t) (2)
Z = z(Xo, Yo, 2o, t)

which, as t takes all values greater than zero, will
trace out the required pathline.



* Remarks : (i) Streamlines give the motion of
each particle at a given instant whereas pathlines
give the motion of a given particle at each
instant. We can make these observations by using
a suspension of aluminum dust in the liquid.

e (ii) If we draw the streamlines through every
point of a closed curve in the fluid, we obtain a
stream tube. A stream tube of very small
crosssection is called a stream filament.



(iii) The components of velocity at right angle to the
streamline is always zero. This shows that there is no
flow across the streamlines. Thus, if we replace the
boundary of stream tube by a rigid boundary, the
flow is not affected. The principle of conservation of
mass then gives that the flux across any cross-section
of the stream tube should be the same.



Streaklines : In addition to streamlines and pathlines, it is
useful for observational purpose to define a streakline. This is
the curve of all fluid particles which at some time have
coincided with a particular fixed point of space. Thus, a
streakline is the locus of different particles passing through a
fixed point. The streakline is observed when a neutrally
buoyant marker fluid is continuously injected into the flow at
a fixed point of space from time t = -0, The marker fluid may
be smoke if the main flow involves a gas such as air, or a dye
such as potassium permanganate (KMnO4) if the main flow
involves a liquid such as water.



* |f the co-ordinates of a particle of marker fluid
are (x, y, z) at time t and the particle coincided
with the injection point (xo, yo, zo) at some time T,
where T = t, then the time-history (streakline)
of this particle is obtained by solving the
equations for a pathline, subject to the initial
condition that x = xo, y =Vyo,z=z0att=T . As t
takes all possible values in the angle - 0 = T <
t, the locations of all fluid particles on the
streakline through (xo, yo, zo) are obtained. Thus,
the equation of the streakline at time t is given by



X = X(Xo, Yo, zo, t, T)
V=V(Xo, yo,20,t ,T) -0 T=t

z = z(Xo, Yo, zo, t ,T)

Remark: (i) For a steady flow, streaklines also
coincide with streamlines and pathlines.

(ii) Streamlines, pathlines and streaklines are
termed as flowlines for a fluid.




Velocity Potential

e Suppose that j=ui+vj+wi is the velocity at any
time t at each point P(x, y, z) of the fluid. Also
suppose that the expression u dx + vdy + wdz
is an exact differential, say - df.

* Then, -df = udx + vdy + wdz

g0, d0

a0 a0 .
° |e ( ti:::+a}d}+azdz+a tit) udy+vdy +wdz,where 0=0(xy,zt) |S SOME

scalar function, uniform throughout the entire
field of flow.
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@, is termed as the velocity potential and the flow of
such type is called flow of potential kind.

* In the above definition, the negative sign in g = —V@ is a
convention and it ensures that flow takes place from
higher to lower potentials. The level surfaces 0,y -
constant, are called equipotentials or equipo%ential

surfaces.



* Theorem : At all points of the field of flow the

equipotentials (i.e. equipotential surfaces) are cut
orthogonally by the streamlines.

* Proof. If the fluid velocity at any time t be g = (u, v, w),
then the equations of streamlines are

ﬂ’,x: d;g.-‘: dzl (1)
The surfaces given q.dr=10 i.e.udx+vdy + wdz =0, (2)

are such that the velocity is at right angles to the tangent
planes. The curves (1) and the surfaces (2) cut each other
orthogonally. Suppose that the expression on the left
hand side of (2) is an exact differential, say, -d @, then



00 = udx 4y 4w
* where O is velocity potential. The necessary and

sufficient condition for the relations.
@ ol 0)] ao

¢ u=—gorv=gw=—g Orf  (=-T0 (3)
*  curlq = curl(-Vg) =0. (4)
The solution of (2) i.e. d® =0 is
D(x, vy, z) = const. (5)

* The surfaces (5) are called equipotentials. Thus the
equipotentials are cut orthogonally by the stream
lines.



